Excitonic density-wave states realized by the quantum condensation of electron-hole pairs (or excitons) are studied in the two-orbital Hubbard model with the Hund's rule coupling J. We show that the inter-orbital interaction terms are separated into terms of the spin-singlet and spintriplet excitons and the latter is lower in energy unless J = 0 at which the two terms have the same energy. Using the variational cluster approximation, we calculate the grand potential of the system to demonstrate that the Hund's rule coupling always stabilizes the excitonic spin-densitywave state and destabilizes the excitonic charge-density-wave state. The characteristics of these excitonic density-wave states are discussed using the calculated single-particle spectrum, density of states, condensation amplitude, and pair coherence length. Implications of our results in the materials aspects are also discussed.
† kσ are the creation operators of an electron in the conduction and valence bands, respectively. If the valence band top and conduction band bottom are separated by the wave vector Q, the system shows the density wave with modulation Q.
A number of candidate materials for the excitonic phases have been discovered. It was claimed that Tm(Se,Te) shows a transition into EI by applying pressure. 5 The weak ferromagnetism of Ca 1−x La x B 6 was interpreted in terms of a doped spin-triplet EI. [6] [7] [8] Recently, the phase transition of a layered chalcogenide Ta 2 NiSe 5 has been attributed to a realization of the spinsinglet EI and has attracted much experimental and theoretical attention. [9] [10] [11] [12] The charge-density-wave (CDW) of 1T -TiSe 2 has also been claimed to be of the excitonic origin. [13] [14] [15] [16] The spin-density-wave (SDW) state of iron-pnictide superconductors has sometimes been argued to be of the excitonic origin as well. [17] [18] [19] It was proposed that the condensation of spin-triplet excitons can occur in the proximity of a spin-state transition; 20 Pr 0.5 Ca 0.5 CoO 3 is an example.
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In this paper, motivated by the above development in the field, we study the stability of the excitonic densitywave states in the two-orbital Hubbard model, where the Hund's rule coupling J as well as the inter-orbital Coulomb repulsion U ′ are taken into account in addition to the standard intra-orbital Hubbard repulsion U . It is known that the inter-orbital repulsion U ′ induces the excitonic instability in the system, 19, 22 but the condensations of the spin-singlet and spin-triplet excitons are exactly degenerate unless the Hund's rule coupling or electron-phonon coupling are taken into account. Thus, we study the roles of the Hund's rule coupling played in the excitonic density-wave condensations, of which not much is known so far.
We first rewrite the inter-orbital interaction terms of the Hamiltonian in terms of the creation and annihilation operators of the spin-singlet and spin-triplet excitons, and show that the inter-orbital interaction terms can be separated into two terms, a term corresponding to the number of spin-singlet excitons and a term corresponding to the number of spin-triplet excitons. We then find that the energy of the spin-triplet term is lower than the energy of the spin-singlet term unless J = 0 at which the two terms have the same energy. Thus, the condensation of spin-triplet excitons is stabilized by the Hund's rule coupling.
Using the variational cluster approximation (VCA), we furthermore study the two-orbital Hubbard model in detail and show that the Hund's rule coupling always stabilizes the excitonic SDW state and destabilizes the excitonic CDW state. We also calculate the single particle spectrum, density of states, and condensation amplitude to see the characteristics of the excitonic density-wave states in detail. The pair coherence length (or the size of the electron-hole pair) in the spin-singlet and spintriplet states is also calculated to find that only the spintriplet excitons are paired more tightly with increasing J. Consequences of the present results on the excitonic density-wave states of a variety of materials will also be discussed.
This paper is organized as follows: In Sec. II, the model and method of calculations will be given. In Sec. III, the results of calculations for various physical quantities will be presented. Summary and discussion will be given in Sec. IV.
II. MODEL AND METHOD

A. Two-orbital Hubbard model
We consider the two-orbital Hubbard model defined by the Hamiltonian
where
denotes the creation operator of an electron with spin σ (=↑, ↓) on the α (= f, c) orbital at site i and n iα = n iα↑ + n iα↓ = α † i↑ α i↑ + α † i↓ α i↓ . t is the hopping integral between the same orbitals on the neighboring sites and D is the level splitting between the two orbitals. U and U ′ are the intra-and inter-orbital Coulomb repulsions between electrons, respectively, and J is the Hund's rule coupling. The Hamiltonian in the spinless case with U = J = 0 is equivalent to the extended Falicov-Kimball model, for which many studies have been done so far. [23] [24] [25] [26] The two-orbital Hubbard model without the Hund's rule coupling (J = 0) has also been studied. 19, 22 However, the model with the Hund's rule coupling has not been studied very much in detail; only a recent dynamical mean-field theory (DMFT) calculation 20,21 is noticed. To see the stability of the spin-singlet and spin-triplet excitons, we introduce the creation operators of the spinsinglet and spin-triplet excitons, which are defined, respectively, as
where σ is the vector of the Pauli matrices. Using the spin-singlet and spin-triplet exciton operators thus defined, we find that the inter-orbital interaction terms of Eq. (1) can be rewritten exactly as
whence the spin-singlet and spin-triplet excitonic states are exactly degenerate at J = 0, and the Hund's rule coupling lifts this degeneracy and stabilizes the spin-triplet excitonic state.
B. Variational cluster approximation
We use the variational cluster approximation (VCA), 27, 28 which is a quantum cluster method based on the self-energy functional theory (SFT), 29 and unlike in DMFT, we can taken into account the effects of short-range spatial electron correlations precisely. The VCA introduces the disconnected finite-size clusters that are solved exactly to obtain the exact self-energy of the clusters Σ ′ , with which a superlattice is formed as a reference system. By restricting the trial self-energy to Σ ′ , we obtain an approximate grand potential of the original system
where Ω ′ is the grand potential of the reference system, I is the unit matrix, V is the hopping matrix between adjacent clusters, and G ′ is the exact Green's function of the reference system. The K-summation is performed in the reduced Brillouin zone of the superlattice and the contour C of the frequency integral encloses the negative real axis. Details of VCA can be found in Refs. [30, 31] .
To study the symmetry-breaking phases in VCA, we introduce the Weiss fields as variational parameters. The variational Hamiltonian for the excitonic CDW and SDW states are then defined as
respectively, where ∆ We then solve the eigenvalue problem H ′ |ψ 0 = E 0 |ψ 0 of a finite-size (L c sites) cluster to obtain the ground state and calculate the trial Green's function by the Lanczos exact-diagonalization method. Using the basis
where G ′αβ σ is the L c × L c matrix, and each matrix element is defined as
The matrix V in Eq. (4) is given as
where T (K) is the inter-cluster hopping matrix with the matrix elements
Here, x denotes the neighboring site of the i-th site and X denotes the neighboring cluster of the R-th cluster. ∆ In our VCA calculation, we assume the twodimensional square lattice and use a L c = 2 × 2 = 4 site (8-orbital) cluster as the reference system. We set D/t = 3.2, so that the noninteracting tight-binding band structure is a semimetal with a small band-overlap. The band structure has an electron pocket at k = (0, 0) and a hole pocket at k = (π, π) of the Brillouin zone. Hence, the modulation vector of the density waves is given by Q = (π, π). Throughout the paper, we assume U ′ = (U + J)/2 to suppress the Hartree shift (see Appendix A) and we choose U/t = 8, where the excitonic density-wave state is stabilized between the bandinsulator and Mott-insulator states.
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III. RESULTS OF CALCULATIONS
A. Stability of the excitonic density-wave states First, we evaluate the stability of the excitonic CDW and SDW states from the grand potential. In Fig. 1(a) , we show the calculated grand potential of the excitonic CDW and SDW states as a function of the variational parameter. The grand potential has stationary points at ∆ ′ = 0 and ∆ ′ = 0 and the latter is lower in energy, indicating the stability of the excitonic density-wave states. At J = 0, the grand potentials of the CDW and SDW states are exactly degenerate, but the Hund's rule coupling J lifts this degeneracy. With increasing J, the grand potential at the stationary point for the SDW (CDW) state shifts lower (higher) in energy. Therefore, the SDW (CDW) state is stabilized (destabilized) by J.
The optimized values of the grand potential as a function of J are shown in Fig. 1(b) .
We also calculate the order parameters of the CDW state ∆ 0 and SDW state ∆ z . These order parameters are defined as
The calculated results for the order parameters are shown in the inset of Fig. 1(b) . In accordance of the stability of the excitonic CDW and SDW states, the order parameter of the CDW state ∆ 0 is suppressed with J and that of the SDW state ∆ z is enhanced with J. 
B. Single-particle spectrum
Next, we calculate the Green's function at the optimized values of the variational parameters using the cluster perturbation theory (CPT). 32 The Green's function is defined as
Using the CPT Green's function, the single-particle spectrum is defined as where η gives the artificial Lorentzian broadening to the spectrum.
In Fig. 2 , we show the single-particle spectra A(k, ω) near the Fermi level calculated using Eq (14) . The result for the metastable CDW state obtained at J/t = 1 is shown in Fig. 2(a) . The CDW and SDW states are degenerate at J/t = 0, which have exactly the same singleparticle spectrum as shown in Fig. 2(b) . The result for the stable SDW state obtained at J/t = 1 is shown in Fig. 2(c) . We assume a semimetal as the noninteracting band structure. However, due to the excitonic instability, the valence band near k = (π, π) is hybridized spontaneously with the conduction band near k = (0, 0), and the band gap opens at the Fermi level. At J/t = 0, the single-particle excitation gap ∆ g is given by ∆ g /t = 1.47. In agreement with the change in the order parameters, the single-particle gap of the CDW state, e.g., 
C. Density of states
In order to see the character of the excitonic densitywave states, we calculate the density of states (DOS) of the A and B sublattices. The sublattice Green's function is given by
with X = A or B. Using the sublattice Green's function of Eq. (15), the DOS of the A or B sublattices is defined as
In Fig. 3(a) , we show the calculated DOS for the CDW state at J/t = 1. We note that, below the Fermi level (ω < 0), the up-and down-spin DOSs are the same and the DOS of the A sublattice is larger than that of the B sublattice:
We also note that N Aσ (ω) ≃ N Bσ (ω) far away from the Fermi level and that the coherence peak appears in the DOS of the A sublattice just below the Fermi level, where N Aσ (ω) > N Bσ (ω). Using the expectation value Φ 0 defined for the spin-singlet excitons as
, the local number of electrons is given by n i = 1 + 2Φ 0 cos (Q · r i ). At J/t = 1, we have Φ 0 = 0.08 and thus the local numbers of electrons on each sublattice are given by n A↑ = n A↓ = 1 + 2Φ 0 = 1.16 and n A↑ = n B↓ = 1 − 2Φ 0 = 0.84. We therefore find that, due to the effect of the Hund's rule coupling, Φ 0 is suppressed and the CDW modulation is appeared to be rather weak.
In Fig. 3(b) , we show the calculated DOS for the SDW state at J/t = 1. We note that, below Fermi level, the up-spin DOS of the A (B) sublattice is equal to the down-spin DOS of the B (A) sublattice and that the upspin DOS of the A (B) sublattice is larger (smaller) than the down-spin DOS of the A (B) sublattice:
We also note that the DOS has a large gap and a sharp coherence peak appears at the edge of the DOS. Using the expectation value Φ z defined for the spin-triplet excitons as
, the local magnetization is given by m i = 2Φ z cos (Q · r i ). At J/t = 1, we have Φ z = 0.20 and thus the local numbers of electrons on each sublattice are given by n A↑ = n B↓ = 1 + 2Φ z = 1.40 and n A↓ = n B↑ = 1 − 2Φ z = 0.60. We therefore find that, due to the effect of the Hund's rule coupling, Φ z is enhanced and the SDW modulation is appeared to be rather large.
D. Condensation amplitude
In order to see the character of the exciton condensation in momentum space, we calculate the condensation amplitude (or the anomalous momentum distribution function). Using the off-diagonal (or anomalous) Green's function of Eq. (13), the condensation amplitudes for the spin-singlet and spin-triplet excitons are defined as
respectively. Note that we use the term "anomalous" to indicate that the number of electrons on each of the cand f -orbitals is not conserved due to the condensation of excitons although the total number of electrons is conserved.
We show the calculated results in Fig. 4 for the excitonic CDW and SDW states. We find that, with increasing J, the peak of F 0 (k) at the Fermi momentum k F becomes sharp in the CDW state [see Fig. 4(a) ], and that the peak of F z (k) at k F becomes broader in momentum space in the SDW state [see Fig. 4(c) ]. The sharp (broad) peak of F (k) in momentum space indicates that the spatial extension of the electron-hole pair becomes large (small) in real space.
Using F (k), we evaluate the pair coherence length ξ, which corresponds to the spatial size of the electron-hole pair and may be defined by 24, 26, 33 
In Fig. 5 , we show the calculated results for the spinsinglet excitons (ξ 0 ) and spin-triplet excitons (ξ z ) as a function of J. We find that, with increasing J, ξ for the spin-singlet (triplet) excitons increases (decreases) monotonically. Thus, the size of the spin-singlet exciton becomes larger than the lattice constant (ξ 0 > 1) for larger J/t values, indicating the crossover from the tightly-paired BEC state to weakly-paired BCS state. The spin-triplet excitons, on the other hand, are paired more tightly and the size is always smaller than the lattice constant in the parameter space examined.
IV. SUMMARY AND DISCUSSION
To summarize, we have studied the stability of the excitonic density-wave states in the two-orbital Hubbard model with the inter-orbital Coulomb interaction U ′ and Hund's rule coupling J as well as the intra-orbital Hubbard interaction U . We have first rewritten the interorbital interactions of the Hamiltonian in terms of the creation and annihilation operators of the spin-singlet and spin-triplet excitons and have shown that the interorbital interactions of the Hamiltonian can be separated into two terms, a term corresponding to the number of spin-singlet excitons and a term corresponding to the number of spin-triplet excitons, thereby confirming that the energy of the spin-triplet term is lower than the energy of the spin-singlet term unless J = 0 at which the two terms have the same energy. Thus, we have confirmed that the condensation of the spin-triplet excitons is stabilized by the Hund's rule coupling. We have then used the VCA to calculate the grand potential of the system and have shown that the Hund's rule coupling always stabilizes the excitonic SDW state and destabilizes the excitonic CDW state. We have also calculated the single-particle spectrum, density of states, and anomalous Green's functions, and have shown the characteristics of the excitonic CDW and SDW states in detail. We have also calculated the pair coherence lengths of the spin-singlet and spin-triplet excitons and have shown that only the spin-triplet excitons are paired more tightly with increasing J.
Finally, let us discuss experimental consequences of our results obtained in this paper. At first sight, the condensations of the spin-singlet excitons possibly observed in 1T -TiSe 2 (Refs. [13] [14] [15] [16] ) and Ta 2 NiSe 5 (Refs. [9] [10] [11] [12] ) seem to contradict the stability of the spin-triplet excitons in the presence of the Hund's rule coupling. However, in these materials, the valence and conduction bands are formed by the orbitals located on different atoms, i.e., the 4p orbitals of Se ions for the valence bands and the 3d orbitals of Ti ions for the conduction bands in 1T -TiSe 2 , 13 and the 3d orbitals of Ni ions for the valence bands and the 5d orbitals of Ta ions for the conduction bands in Ta 2 NiSe 5 , 11 and therefore the Hund's rule coupling acting between electrons on different orbitals in a single ion does not work to stabilize the condensation of the spin-triplet excitons. We suppose that in these materials the electron-phonon coupling should work to stabilize the condensation of the spin-singlet excitons, as was discussed in Refs. [11, 15, 16] . In the excitonic SDW states possibly observed in, e.g., iron-pnictide superconductors and Co-oxide materials, on the other hand, the Hund's rule coupling rather than the electron-phonon coupling should work to stabilize the condensation of the spintriplet excitons, as we have shown in this paper. We may therefore anticipate that the competition between the Hund's rule couping and electron-phonon coupling in the stability of excitonic condensations (or excitonic density-wave formations) will be of great interest in future studies.
consistent with the standard assumption U ′ = U − 2J valid in the atomic limit. 34 The eigenvalue of H(k) for the excitonic CDW and SDW states are given by E ± C (k) = ± ε(k) 2 + |∆ 0 | 2 and E ± S (k) = ± ε(k) 2 + |∆| 2 , respectively. We minimize the ground-state energy and arrive at the following self-consistent equation for the excitonic CDW and SDW states:
respectively. The effective attractive interactions for the spin-singlet and spin-triplet electron-hole pair are therefore given by U ′ − J and U ′ + J, respectively.
